Abstract: The near-horizon conformal symmetry of nonextremal black holes is shown to be a mandatory ingredient for the holographic scaling of the black hole entropy. This conformal tightness is revealed by semiclassical first-principle scaling arguments through an analysis of the relative contributions of the radial and angular degrees of freedom to the entropy. Specifically, the conformal SO(2,1) invariance of the radial degree of freedom conspires with the area proportionality of the angular momentum sums to yield a robust holographic outcome.
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Introduction
The holographic scaling of the Bekenstein-Hawking black hole entropy [1] :
i.e., its proportionality with the area A of the event horizon, is one of the central results of contemporary theoretical physics and a litmus test for quantum theories of gravity [2] . In essence, its apparent universality suggests that the horizon encodes information at the quantum level [3, 2, 4] (in the form of a holographic principle [5] ).
In the search for patterns that may elucidate this intriguing property, several lines of research have focused on the existence of a near-horizon conformal symmetry [6, 7, 8] as a ubiquitous property of black hole thermodynamics. Most remarkably, in Refs. [9, 10] , the thermodynamics is explicitly connected with the underlying near-horizon conformal field theory through the Cardy formula. Alternatively, within a general framework inspired by the brick-wall model [3] , conformal quantum mechanics (CQM) has been directly linked with the thermodynamic properties [11, 12] by considering a field (D ≥ 4)
in a given gravitational background. However, a complete understanding of the predominant role of conformal quantum mechanics in the determination of the thermodynamic properties of black holes has not yet been achieved. This paper provides further strong evidence of the conformal characterization of black hole thermodynamics by focusing on a critical question regarding the entropy, while the more complex issue of the role played by conformal symmetry in the Hawking effect is left for a forthcoming publication. In effect, the apparent central role of conformal quantum mechanics is highlighted by the conformal determination of the Hawking temperature; however, the angular-momentum sums in semiclassical treatments of quantum field theory also seem to be an essential ingredient in the derivation of the Bekenstein-Hawking entropy S BH . Thus, the question we now formulate is whether the area law [Eq. (1.1) ] for the entropy is a direct consequence of the statistical counting of the angular degrees of freedom, independently of the attendant near-horizon conformal symmetry. In other words, is the scaling of the entropy critically constrained by the conformal nature of the radial degree of freedom, above and beyond the role played by the angular degrees of freedom? Or, by contrast, does the conformal symmetry merely provide circumstantial evidence rather than logical necessity for the holographic nature of the entropy? This issue is further motivated by early back-of-the-envelope phase-space arguments [13, 14, 15] , which appear to suggest the accidental nature of the conformal symmetry, with S BH in Eq. (1.1) arising from the straightforward angular summation of degrees of freedom. However, such arguments rely on implicit assumptions regarding the radial degrees of freedom-incidentally, related observations were made in Ref. [16] , where additional issues concerning the nature of the horizon were also addressed. Specifically, as we explicitly show in the next sections, the radial contribution to the phase-space counting provides a complementary condition, with "radial conformality" of the near-horizon physics guaranteeing the preservation of holographic scaling-a property that may be dubbed conformal tightness. What comes out from this analysis is further evidence of the governing role played by conformal quantum mechanics: first, in the direct determination of the Hawking temperature; and second, as the central result of our paper, in the statistical counting of the relevant near-horizon degrees of freedom-this provides a realization of the goal outlined in this introduction.
Our proofs rely on properties of the metric, with the details of the argument involve understanding the apparent origin of the entropy scaling from the angular degrees of freedom in Sec. 2, followed by a more precise characterization of conformality in Sec. 3, and further context in Sec. 4. Additional topics in the appendices include the computation of the near-horizon spectral integrals (Appendix A) and alternative phase-space arguments (Appendix B).
Origin of the Area Law: Angular Degrees of Freedom?
Our stated goal is to highlight the "conformal emergence" of the area scaling of the black hole entropy, by considering a quantum field probe with action (1.2) in a gravitational background of the form
is the metric on the unit (D − 2)-spheres, S D−2 , that foliate the spacetime manifold and the metric conventions of Ref. [17] are used]. Equation (2.1) represents a static-coordinate description or generalized Schwarzschild chart for a generic static geometry. The corresponding family of spacetimes includes the Reissner-Nordström geometries in D spacetime dimensions [18] , and possibly extensions with a cosmological constant. In Section 3, we generalize this family to emphasize that the conformal nature of the thermodynamics appears to be a fairly universal property of black holes. In principle, the basic results of conformal tightness could be further generalized to axisymmetric stationary spacetimes, as will be discussed in a forthcoming paper, but the properties of static spacetimes considerably simplify our analysis. This is because, for static spacetimes, there exists a coordinate frame in which the timelike coordinate t is associated with the Killing vector field ξ = ∂ t that is hypersurface orthogonal [25] , and for which the metric can be adapted to ds 2 = g 00 dt 2 + γ ij dx i dx j , where g 00 and the spatial metric γ ij are time independent; this includes Eq. (2.1) and the generalization of Sec. 3. As is well known, the Killing vector ξ permits the introduction of a Killing horizon H where the surface gravity κ is defined in purely geometric terms [25] ,
In addition, for the particular metrics (2.1),
in which V (x) ≡ −ξ µ ξ µ = f (r) and all the derivatives are evaluated at H, in terms of f ′ + = f ′ (r + ), using the standard notation r = r + for the outer event horizon, identified as the largest root of the equation f (r) = 0. In the nonextremal case: f ′ + = 0, which is the focus of this work, the surface gravity has a well-defined nonzero value (while the extremal will be tackled elsewhere, in view of its subtle analytical properties [4] ).
It should be noticed that the Hawking temperature can be computed for the metrics (2.1) from the removal of the conical singularity, with the result
for the inverse temperature; see Sec. 3 for a more detailed account for a generalized class of metrics. As a general methodology, the relations (2.3) and (2.4)-properly generalized in Sec. 3-will be systematically used to simplify the interpretation of derived statements;
consequently, the focus of the calculations will be on addressing the questions stated in Sec. 1, especially on the conformal nature of the entropy. To shed light on the origin of the holographic expression (1.1) we will often invoke scaling relationships arising from the relevant physics, e.g., κ ≃ f ′ + . While the complete analytical results are displayed in Subsec. 2.1, the scaling equations will help to elucidate the role played by the different degrees of freedom in the ensuing holographic behavior.
Origin of the Area Law: Detailed Computation
In this section we propose to identify the origin of the area law for the entropy through the bookkeeping of the relevant degrees of freedom. A complete analysis takes us to the statistical counting leading to the thermodynamics of the scalar field Φ with action (1.2). The standard procedure starts with resolution of the field in terms of creation and annihilation operators, which involves a complete set of orthonormal modes that satisfy the Klein-Gordon equation. For the static metric (2.1) in generalized Schwarzschild coordinates (t, r, Ω), the time coordinate can be separated via a Fourier resolution by means of the Killing vector ξ , such that the corresponding eigenmodes of positive frequency ω satisfy ξ Φ = −iω Φ. The spatial part of each mode is further rewritten in Liouville normal form [11] 
, where x = r − r + and hereafter we use the symbol
∼ for the nearhorizon expansion with respect to the variable x. In particular, the SO(2,1) conformal symmetry [19] under scrutiny is displayed by the leading term in Eq. (2.6), which amounts to the scale invariant potential V eff
, it has same degree of homogeneity as the derivative term in Eq. (2.5). The "conformal parameter" Θ characterizes the effective coupling strength of conformal quantum mechanics [20, 21] and determines the Hawking temperature [22] in a unique manner [23] . However, the explicit form of the effective gravitational potential in Eq. (2.6) also reveals that the naive power counting with respect to 1/x breaks down due to the existence of a competition between the two leading terms in the near-horizon expansion:
(i) The purely conformal potential V eff | CQM ∝ −1/x 2 , which carries the radial degrees of freedom, is strictly dominant for low angular momenta α ≡ α l,D .
(ii) The centrifugal potential term α/ f r 2 ∝ 1/x, which carries the angular degrees of freedom, becomes comparable to the conformal interaction for high angular momenta α.
Evidently, this competition is the key to answering the questions posed in Sec. 1, regarding the relative roles played by the angular and radial degrees of freedom.
With the above considerations in mind, we seek to reformulate the thermodynamics within this framework, in purely conformal terms. In this program, the critical components of the entropy calculation involve the sequential computation of the following quantities: the spectral function, the entropy, and Planck-scale renormalization.
First, the computation of the spectral function N (ω) from the near-horizon effective gravitational potential (2.6) can be accomplished either by WKB or phase-space methods [11, 12] , and also via the heat-kernel approach [24] . For our presentation in this section, the competition between the angular-momentum degrees of freedom and the leading near-horizon (conformal) effective potential is most clearly seen in its one-dimensional WKB form, which furnishes the asymptotically exact "spectral integral"
as the near-horizon limit of the WKB algorithm (A.1) further discussed in Appendix A. In Eq. (2.7), a is a coordinate cutoff defining the left turning point of the potential (2.6) with "zero effective energy," while x 1 = r 1 − r + is the root of the radicand associated with its right turning point: x 1 (α) = 2κr 2 + Θ 2 /α and the angular momentum upper bound α max (a) = 2κr 2 + Θ 2 /a corresponds to the left-right turning-point orientation a ≤ x 1 (a). An alternative phase-derivation is presented in Appendix B. The "conformal measure" dx/x of the radial integration in Eq. (2.7) plays a key role in our derivation and is related to the scale-invariant radial measure used in Ref. [16] .
Second, the computation of the entropy itself can be performed for the field (1.2) with the canonical-ensemble spectral rule [11, 12] 
which amounts to a thermal free-field distribution of independent modes at inverse temperature β, with canonical partition function
. The details of the spacetime curvature background, carried by the effective gravitational potential, are embodied in the nontrivial spectral function N (ω) of Eq. (2.7).
As a final step, the evident near-horizon divergence N (ω)
. calls for regularization, e.g., in terms of a short-scale coordinate regulator a to be introduced as the lower limit in the divergent integral a dx. The ensuing "ultraviolet catastrophe" of the spectral number function N (ω) can be viewed as arising from the ultraviolet singular nature of conformal quantum mechanics. As first proposed in Ref. [3] , for the metrics (2.1), a geometric radial distance from the horizon,
yields an invariant answer that reveals new spacetime physics at the Planck scale ℓ P ≃ h D .
The three essential steps listed above will now be used to show the conformal tightness of the black hole entropy. Equation (2.7) can be evaluated as shown in Appendix A, leading to the spectral function
where B(p, q) is the beta function. Consequently, after the replacement (2.9) is made, the relevant spectral-function scaling becomes ; the ratios highlight the dimensionless nature of N (ω). The numerical proportionality prefactor in Eq. (2.11), as needed for a replacement of the symbol ≃ by an equal sign, can be written as
Finally, the entropy (2.8) corresponding to Eqs. (2.11) and (2.12) is given by can be straightforwardly set equal to unity due the Hawking inverse-temperature identification (2.4), the latter involves some additional algebra leading to 
which is a form of geometric renormalization, the entropy reduces to holographic result S BH .
Origin of the Area Law: Scaling Arguments
We would like to provide further insight into the scaling relations that constitute the core of the holographic scaling of the entropy. Unlike the results of the previous subsection, we will omit numerical factors, assume naturalness, and enforce dimensional relations defined up to dimensionless factors of order one. First, the value of the Hawking temperature T H ≡ (β H ) −1 in addition to its connection with the surface gravity via Eq. (2.4) implies the temperature-inverse-length chain of scaling relations
Hereafter, the symbol ≃ stands for a binary scaling relation in the sense of dimensional analysis, governed by the following criteria: (i) completeness of relevant scale dependence; (ii) a "naturalness" condition satisfied by its numerical coefficients (i.e., with their order of magnitude being not too different from order one). Such dimensional equality captures the scale homogeneity of any quantity with respect to all other relevant physical or geometrical parameters for black hole thermodynamics. Most importantly, the scaling chain of Eq. (2.15) is essentially characterized by the mass of the black hole-with one additional qualifier for the last relation f ′ + ≃ 1/r + , which is only a rough estimate for black holes away from extremality.
The one additional ingredient not displayed in Eq. (2.15) is the spectral scaling with respect to the inverse temperature β, i.e., the dimensional relationship between β and a characteristic frequency ω. For the thermodynamic functions, this scaling is driven by the thermal distribution, e.g., as in Eq. (2.8) for the entropy. Thus, the temperature dependence is fully controlled by the statistical function L(ξ) = − ln(1 − e −ξ ), through the Boltzmann factor e −ξ . As this dependence is carried by a function of ξ = β ω alone, the dominant frequency is given by the dimensional equality 16) which further supplements the chain of scaling relations (2.15). This can be seen from the following fairly argument for a generic thermodynamic function 17) where the operatorT ω (β) governs the specific properties of the thermodynamic function T . In general, T . is a differential operator with respect to ω and possibly β-dependent, as follows by the replacement of any thermal derivatives ∂/∂β = ω∂/∂ξ and integration by parts with respect to ξ; this effectively, replaces all such derivatives by their frequency counterparts, thus yielding the operatorT ω (β). For example, for the free energy T = F , T ω = −1/β; and for the entropy T = S,T ω = 2 + ω d/dω. As a result, it is the interplay of the three factors in Eq. (2.17)-with the third one being the density of states-that yields the corresponding thermodynamic potential function. The scaling statement (2.16) follows by enforcing the replacement ξ = βω, with ξ ≃ 1 being the dominant part of the integral-this procedure is elaborated upon below for the all-important entropy function. In particular, the characteristic dimensional scaling of the entropy (2.8) can be seen by rewriting it in the form 18) and recognizing that the dominant value of the integral arises from ξ ≃ 1. As all the factors in Eq. (2.18) are dimensionless and of order one, except for the spectral function N (ω), it follows that the final outcome is a number governed by naturalness times the spectral function itself evaluated at ξ/β ≃ 1/β; thus, the dimensional relation is given by the shorthand expression
Consequently, the scaling (2.11) is directly transferred from the spectral function to the entropy, with the additional simplification that the Hawking-temperature identification is made. Once this is recognized, the entropy acquires the factorized structure
The structural simplicity of this result provides the natural context to address the relative roles played by the angular and radial degrees of freedom for the area law of the entropy. Moreover, for the general-relativistic black holes described by the standard metric (2.1): (i) the near-horizon radial physics is conformal; and (ii) the ensuing scale-invariant nature of the radial degree of freedom implies the trivial scaling In conclusion, our procedure shows that the separation of degrees of freedom leads to the factorized form of the entropy (2.20), which, in turn, generates the area law via a trivial radial scaling. Insofar as Eq. (2.21) relies on the scale-invariant nature of the near-horizon radial degree of freedom, this result can be attributed to the role played by conformal quantum mechanics. Thus, the conformal tightness of Eq. (1.1) is established.
Conformal Tightness of Black Hole Thermodynamics
In this section we provide additional evidence for the conformal tightness of the area law by expanding the family of spacetime metrics and specifying the generalized conditions for Eqs. (2.20) and (2.21) to hold true. For this purpose, we simply relax the form of Eq. (2.1); as a first step, we consider the generic spherically symmetric metrics, while in subsequent works we will show extensions for axisymmetric metrics.
Thermodynamic Landscape of Black Hole Solutions
For the analysis of black hole solutions vis-à-vis thermodynamic and conformal properties, we simply relax the form of Eq. (2.1) into
which is the most general spherically symmetric metric. This geometry is described via a further generalization of the Schwarzschild coordinates of Eq. (2.1), i.e., for coordinates consisting of a time t measured by an observer at asymptotic infinity and with r being an "area radial coordinate" [such that a (D − 2)-sphere of radius r has proper area A = Ω D−2 r D−2 ]. As such, the new family encompasses a larger class of black hole metrics than Eq. (2.1); in addition, it may be regarded as a generic "off-shell metric" (not necessarily a solution to the general-relativistic field equations) conceived to characterize the conformal tightness property. Within the family of metrics (3.1), one may consider the hypersurfaces with r = constant and decrease r gradually from asymptotic spacelike infinity, until the value r = r + is reached for which the hypersurface is everywhere null. As ∂ µ r is normal to these hypersurfaces, the inverse metric element g rr = g µν ∂ µ r∂ ν r vanishes, so that g rr (r + ) = 0 and
which is a boundary where ingoing timelike paths cannot go back to infinity; thus, it is an event horizon H. Therefore, in this approach one identifies the roots of g rr (r) = B −1 (r) and will select the largest one, defining H and leading to the analysis of the behavior of the fields in its neighborhood. The metric (3.1) leads to a Klein-Gordon equation for the modes
which can be recast in a normal, Schrödinger-like form
after the usual Fourier frequency decomposition, ∂ 2 t → −ω 2 , leading to the effective nearhorizon gravitational potential V eff (x) shown below. To determine the relevant near-horizon physics, including V eff (x) and other functions and parameters, we perform the near-horizon expansions, assuming that the metric coefficients admit the leading expressions
[B(r)]
where c t , c r > 0 from generic metric-signature conditions while
conforms to the existence of of a horizon via Eq. (3.2). In this approach, p t and p r may be regarded as a free parameters to explore the "thermodynamic landscape" of possible black holes; as it turns, the following analysis inevitably brings us back to conformal quantum mechanics. The main results are outlined in the next few subsections.
Modified Effective Potential
The near-horizon gravitational potential takes the form
which involves the effective coupling
and power-law exponent p = p t + p r . (3.10)
By comparison with the radial derivative terms of the normal-reduced equation (3.4) , the scale-invariant case defining conformal quantum mechanics occurs when
Geometrical Radial Distance
From the radial part of the metric, dρ 2 = B(r) dr 2 , it follows that 12) whence the geometric elevation is
This generalizes Eq. (2.9) and permits the computation of spectral functions in terms of a geometric, coordinate-invariant quantity. Notice that this procedure breaks down for p r ≥ 2. As a result, p r < 2 (3.14)
is a necessary condition for consistency of the framework.
Hawking Temperature and Conical Singularity
The two-dimensional Euclidean metric ds 2
dΩ=0
(restricted to the time-radial sector) admits the near-horizon approximation Moreover, the factor ν in the Euclidean-time part of the metric-which defines the conical angular deficit-becomes ν = p t √ c r c t /2. In particular, removal of the conical singularity with a periodic time involves a rescaled angular-type coordinate χ of period 2π, such that dχ = ν dt E ; correspondingly, the inverse Hawking temperature becomes
The condition (3.18) brings us back to the case of conformal quantum mechanics (3.11), within a generalized class of metrics. This conformal resilience of the metric confirms:
• (i) the conformal character of the near-horizon physics;
• (ii) the concomitant conformal role played by the Hawking temperature.
Furthermore, the re-emergence of this conformality further suggests the need for a deeper characterization of this intriguing property-a topic that will be expanded in a forthcoming paper.
Surface Gravity
From the general definition (2.2), based on the timelike Killing vector ξ = ∂ t , the surface gravity can be computed geometrically from the limiting form of the metric coefficients at the horizon. In particular, for metrics diagonalized in the (t, r) sector, the relation
follows by straightforward algebra. In addition, for the particular family of metrics (3.1), 21) in which κ has a finite and nonzero value provided that the necessary condition p t + p r = 2 be satisfied. This condition is identical to Eq. (3.18) for consistency of the Hawking temperature, i.e., equivalent to the removal of the conical singularity. The argument above verifies that κ is inextricably linked to the Hawking temperature, and that the expected relation (2.4) is indeed maintained.
Angular Momentum
The Klein-Gordon equation has the form
where the additional omitted terms possibly include the mass term, the coupling to the Ricci scalar, and "extra terms" involved in the normal reduction process [12] . These terms are irrelevant with respect to the near-horizon expansion, with the only exception of the leading form of the extra terms, which provides the critical coupling of conformal quantum mechanics. For our current purposes, the third term in Eq. (3.22) displays the form taken by the angular degrees of freedom of the scalar field; in turn, this implies that the nearhorizon effective centrifugal term (to be combined with the reduced operator ∂ 2 r ) is
Notice that, once the CQM condition (3.11) is adopted, the dominance of the singular term defining conformal quantum mechanics is guaranteed for p r < 2, which is the same restriction (3.14) found for geometric consistency of the radial distance. Moreover, it is the integration with respect to the angular parameter α l,D , when Eq. (3.23) is used for statistical counting, that produces the holographic area factor in the entropy (2.20).
Spectral Density and Entropy
The spectral function that generalizes Eq. (2.10) is computed in a similar manner by any of the techniques mentioned in Sec. 2 and further developed in Appendix A. This requires the use of the effective potentials V eff and V L given by Eqs. (3.8) and (3.23) . Notice that, if p = 2, the radial measure in Eq. (A.10) fails to be the scale invariant dx/x that ultimately led to the "extra scaling factor" (2.21) to be trivial, with a holographic entropy. By contrast, the ensuing modified spectral function and entropy derived from Eq. (A.10) have additional scale factors associated with the horizon curvature and radius (large scales in comparison with the Planck length); and ultimately the trivial scaling (2.21) breaks down, along with the area law for the entropy. This can be seen by performing the integrals in Eq. (A.10); thus, from Eq. (A.3), the scaling of the spectral function takes the form
The exponent q, given in Eq. (A.12), ultimately generates the breakdown of the scaling relations and holographic scaling, unless a precise combination of p t and p r conspires to restore the conformal theory. Once the replacement of a by the geometric elevation is made via Eq. (3.13), the scaling of the spectral function becomes
whereκ = p t √ c r c t /2 is a convenient parameter, while the last factor introduces nontrivial scaling, as anticipated. In effect, once this spectral function is replaced in the entropy algorithm (2.8), the "extra scaling factor" from the spectral function survives in the form  26) and prevents the delivery of a holographic entropy. The argument above proves that deviations from conformal quantum mechanics would lead to a breakdown of the simple area law for the entropy. In effect, the removal of the spurious scaling (3.26) is guaranteed if and only if the relation (1−q)/(2−p r )+(D−2)/2 = 0 is satisfied; when combined with the definition of q, Eq. (A.12), a linear relation between p t and p r is obtained, which yields the CQM condition (3.11). Even though this is a first level of conformal tightness, the dimensions of c t and c r also depend on the chosen exponents p t and p r , with [κ] = [length]
−p/2 : this introduces yet additional scaling modifications that depend on the size of curvature and horizon radius. However, at an even deeper fundamental level, the thermodynamics is more tightly constrained by the fact that the parameterκ is not a surface gravity-simply put, neither the surface gravity nor the temperature can be consistently defined, as discussed in Subsecs. 3.4 and 3.5. In short, once the restriction (3.18) is enforced for consistency, the conformal theory applies with p = 2, and possibly a modified angular-momentum term as in Eq. (3.23) . In that theory, the scaling (3.26) becomes trivial and holography is restored. In effect, regardless of the value of p r < 2 in Eq. (3.23), the basic entropy expression (2.13) will still hold true-possibly with a modified numerical prefactor that carries the value q = 1 + (D/2 − 1)p t (instead of D/2). This concludes the proof of the conformal nature of the thermodynamics. However, as we will see next, the theory has an even tighter form of conformality.
Conformal Resilience
The values of p t and p r constrained by the arguments of the previous subsections include: a horizon restriction (3.7), a thermal restriction (3.18) , and the geometric distance and CQM vs. angular-momentum restriction (3.14) . When the near-horizon expansions are analytic, with integer exponents, the set of restrictions uniquely selects the original case of conformal quantum mechanics, with p t = p r = 1. The corresponding metric is a modification of Eq. (2.1), with a similar analytic structure, 27) and supplemented with the restrictions: firstly that
(with f ′ + = 0 defining a nonextremal black hole solution); and secondly, that both C and D should tend to constant, nonzero values
at the horizon. Alternatively, by redefining the radial coordinate via r 2 → r 2 D(r), this generalized family takes the form
with the conditions (3.28) and (3.29) to be enforced just as before. It should be noticed that r is no longer the area coordinate in Eq. (3.30) [except in the case when D(r) = 1]; as customary, we have kept the same symbol r, even though the new r is a different coordinate.
In short, as shown throughout this section, the modified metrics do not change the essence of the conformal character or the fundamental thermodynamic results. As a simple illustration of this generalization, let us consider the stringy solution corresponding to a five-dimensional extended-supergravity and non-extremal metric [26, 27] 
which falls into the class (3.30), with the obvious identifications f = 1 − r 2 0 /r 2 , C = F −2/3 , and D = F 1/3 [with F (r) having a finite value dependent on the free parameters related to the three charges and mass]. This model can be further extended to D dimensions [27] ,
32) following the same pattern (3.30); and similar considerations could be applied to other geometries. The general results derived in this paper not only exhibit the conformal resilience property of the metric but also provide a simple computational framework for the evaluation of all the relevant thermodynamic quantities.
Outstanding Issues and Conclusions
This paper has presented an array of analytical and scaling arguments that further suggest the fundamental nature of the SO(2,1) conformal symmetry for black hole thermodynamics. In essence, even though the angular degrees of freedom directly yield the area scaling of the entropy, it is the conformal nature of the radial degree of freedom that preserves this remarkable holographic scaling. Additional steps in this program include verifying the conformal tightness of holographic scaling for higher orders of the heat kernel expansion and additional implications for brick-wall type models. In addition, the extension of the metrics of Subsec. 3.8 to the case of axisymmetric spacetimes will be discussed elsewhere.
Given the generality and scope of the conformal framework for black hole thermodynamics, our arguments highlight the need to explore this symmetry at a deeper level. This exploration would entail finding the geometrical meaning of the symmetry vis-a-vis the near-horizon approximation and possibly finding a connection with the approach of Ref. [9, 10] .
A. Semiclassical Spectral Analysis: Evaluation of the "Near-Horizon Spectral Integral" for Black Hole Thermodynamics
The spectral function N (ω) is evaluated via a semiclassical algorithm
with the angular summation l,m replaced by a semiclassical integral and a WKB radial ordinal-number estimate via a Langer-corrected wavenumber k α l,D (r) = k α l,D (r + + x) = I − 1/4x 2 , as mandated by the horizon coordinate singularity. The potential (2.6) has two turning points, a and x 1 ≡ x 1 (α). Correspondingly, in Eq. (A.1), the WKB algorithm involves the turning-point cutoffs enforced by the double Heaviside product θ(x − a) θ(x 1 (α) − x); in addition, a third Heaviside function enforces the condition a ≤ x 1 , which prevents the inversion of the turning points a and x 1 , so that
thus, the "near-horizon spectral integral" (2.7) is established. The coordinate-singular nature of the near-horizon physics suggests that extra care should be exercised when evaluating the spectral function (A.2). In this Appendix, we focus on two alternative calculations of this integral, while an equivalent phase-space approach follows in Appendix B-these multiple evaluations confirm the robust nature of the final outcome. The physical scales involved in Eq. (A.2) can be explicitly singled out and displayed,
via the introduction of the dimensionless auxiliary variables shown below. In Eq. (A.3), the dimensionless integral N can be computed in two different ways:
1. As the sequence of a radial plus an angular integration (in that order), viâ 4) leading to
2. As the sequence of an angular plus a radial integration, viâ 6) leading to
Either from Eq. (A.6) or from Eq. (A.7), the numerical coefficient N is found to be 
B. Phase-Space Arguments
The phase-space method for the semiclassical statistical counting of states provides further insight into our conformal-tightness arguments. In this method, the reduced Klein-Gordon equation involves a simple Hamiltonian formulation (with effective Hamiltonian H eff ), leading to the spectral function 1) in d = D − 1 spatial dimensions. In a straightforward multidimensional approach, the spectral function is written as a configuration-space integral and all the generalized momenta are first integrated out simultaneously. The ensuing integral becomes
where dV (d) = d d x √ γ is the d-dimensional spatial volume element, γ is the spatial metric, and k( x) is defined from the generalized WKB framework. In the case of spherical symmetry,
wherek(r) = [γ rr ] 1/2 k(r) is the covariant-component form of the radial counterpart of k( x) . Details can be found in Ref. [12] . For the computation of the spectral functions in our paper, all that is needed is the reversal to D = d + 1 and the replacements:
where V eff (r) is given in Eq. (3.8).
• γ rr Incidentally, even though the derivation and use of Eq. (B.6) may appear to be more involved, the phase-space method reveals even more clearly the separation of the degrees of freedom directly arising from the angular and radial variables. 
